Abstract-We study the nature of missed collaboration opportunities in evolving collaboration networks. We define a k-way missed collaboration as one in which every (k −1)-subset of the k persons has collaborated but the set of k has not. Representing a collaboration network as a simplicial complex, we model a missed collaboration as a Minimal Non Face (MNF). Focusing on 2-dimensional and 3-dimensional MNFs, equivalent to 3-way and 4-way missed collaborations respectively, we analyze the DBLP publication network and the IMDB movie network.
I. INTRODUCTION
A social collaboration network is a set of actors (e.g. researchers) who interact with each other by means of certain collaborative acts (e.g. co-authored publications) [1] . The value of strong collaborations in making an impact cannot be questioned [2] , [3] . Many collaboration networks are formed largely autonomously, without any centralized control on collaboration. In such networks, do all fruitful collaborations come to bear? Or are there collaborations that appear natural and potentially fruitful, but do not come to pass even after a large number of years?
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of the k actors have collaborated, but the k actors as a set have not. For example, if (A,B), (B,C) and (C,A) have co-authored three different publications, but there is no publication where A, B, and C are joint co-authors, we say that there is a 3-way missed collaborations. In this example, the fact that A, B and C have pair-wise collaborated implies that a 3-way collaboration would likely be meaningful and useful, yet they have missed collaborating on a paper together. The concept can similarly be extended to 4-way, 5-way and general k-way missed collaborations.
Collaboration networks are traditionally modeled by graphs (e.g. [4] , [17] ). However, such a graph representation does not capture collaboration as a group. For example, consider a complete co-authorship graph on 4 vertices that represent four authors. Does this graph represent a single paper with four authors, four 3-author papers, or six 2-author papers? In particular, four 3-author papers is a missed 4-way collaboration, whereas a single 4-author paper is not, but this difference cannot be discerned using graphs. While some researchers have suggested the use of bi-partite graphs with edges between actor vertices and collaboration vertices, analysis is often done on a "one-mode projection" of these graphs [1] . What we really need is an abstraction where higher-order aggregations can be represented distinctly from the union of pair-wise collaborations.
In this paper, we use the abstract simplicial complex to represent and analyze collaboration networks. An abstract simplicial complex consists of a set V and a set of subsets of V closed under the subset operation. A simplicial complex is a generalization of a graph and therefore admits any analysis or metric based on graphs. Additionally it provides analytical possibilities not possible with a graph-based representation. In section II-A we provide a brief background on simplicial complexes as necessary for understanding this paper. Prior works [5] , [6] , [7] have established the usefulness of simplicial complexes for analyzing collaboration networks 1 . We capture a missed collaboration as a well known feature of simplicial complexes called a Minimal Non Face (MNF). In particular, a k-way missed collaboration translates into a (k − 1)-MNF in the associated collaboration complex. We focus on 2-MNFs (3-way missed collaborations) and 3-MNFs (4-way missed collaborations) as they are the only non-trivial MNFs occurring frequently enough for statistical analysis.
Our analysis has uncovered some key properties that cut across the two data sets. The persistence (number of years a missed collaboration lasts) is exponentially distributed for both MNF types. In other words, a vast majority of missed collaborations happen naturally in a few years after they form. The number of components of the MNF-induced network is power-law distributed for both MNF types. The number of MNFs a vertex is part of has a high correlation with the vertex and facet degrees for 2-MNFs, but not for 3-MNFs.
Some other features are remarkable in their differences across DBLP (publication database) and IMDB (movie database). Whereas MNFs grow exponentially with time in DBLP, we can discern no clear pattern for IMDB, and in fact, the MNF increase in IMDB is surprisingly not even monotonic. Further, the growth of the number of components in the MNF-induced network slows in the latter years for DBLP (indicating an increase in connectivity growth), whereas it is just the opposite for IMDB. We discuss possible explanations for these phenomena in section III-B.
Our statistical observations can be useful in constructing new generative models of evolving collaboration networks, and our technique for identifying specific missed collaborations can be useful in recommending potentially fruitful new collaborations. The observation that most MNFs have low persistence can help in models that predict future collaborations.
While this paper focuses on the application of MNFs to social collaborations, our techniques can be applied to communications networks as well. For instance, in a multichannel multi-radio (MC-MR) ad hoc network modeled as a simplicial complex [9] , an MNF represents opportunities for frequency re-assignment to increase broadcast efficiency. Cooperation between communications nodes is a key factor in spectrum sensing [10] , cooperative transport [11] , etc., and MNFs identify missed opportunities in such settings. Details can be found in [6] .
II. PRELIMINARIES

A. Simplicial Complex
Definition 1: An abstract simplicial complex, or simplicial complex for brevity, is denoted by Δ = (V, S), where V is a set of vertices, and S = {S i |S i ⊆ V, S j ∈ S ∀S j ⊆ S i } is a non-empty set of subsets of V closed under the subset operation. S i ∈ S is called a simplex or a face. The dimension of a simplex S i is dim Si = |S i | − 1, and of the whole simplicial complex is dim Δ = max{dim Si |S i ∈ S}. A facet is a maximal face F , such that {S i ∈ S|F ⊆ S i } = {F }. The facet degree of a vertex is the number of facets that the vertex is a part of. Figure. 1 shows a simple example simplicial complex. The facets are (0, 1, 2), (2, 3, 4) , and (1, 4, 5, 6) , and the faces (simplices) are the subsets of the facets, including the facets themselves. The dimension of this simplicial complex is 3. The vertex degree of vertex 1 is 5, whereas its facet degree is 2. Obviously, a graph is a special case of a simplicial complex, i.e., a simplicial complex of dimension 1.
An 1-MNF is a missing edge and represents an uninteresting trivial missed collaboration. In Figure 1 (a), (1, 2, 4) is a 2-MNF. Consider the following complex: (2, 3, 4) , (1, 2, 4) , (1, 3, 4) }. In this complex, the set (1, 2, 3, 4) is a 3-MNF, or a 4-way missed collaboration.
We have only given the minimum background required for understanding the rest of the paper. Readers interested in learning more about simplicial complexes and algebraic topology in general are referred to [12] .
B. Datasets 1) The DBLP Computer Science Bibliography:
The DBLP Computer Science Bibliography is an online reference for bibliographic information on major computer science publications [13] . We extract all of the papers in this database from 1936 until September 2013 to create a dataset of 3,625,017 papers and 1,302,447 authors.
2) IMDB -The Internet Movie Databases:
The Internet Movie Database (IMDB) is an online database of information related to films, television programs and other productions [14] . The database includes information regarding actors, actresses, directors, year of release, and other film-related information from year 1894 to 2013. We extract all films and the cast whose credits are less than or equal to 5 (the most important actors/actresses) to create a dataset with 488,238 cast members and 1,057,991 film titles.
When using graphs, each person can be represented as a vertex, and the collaboration between two people can be represented as an edge. The average vertex degree over time of the two dynamic graphs are shown in Figure. 6.
C. Representation as a simplicial complex
We represent each member in a data set as a vertex, and each collaborative act (a movie or a paper) as a simplex of vertices comprising it. Simplices may share vertices. Thus, in the DBLP complex, each vertex represents a researcher and each simplex represents a collaboration relationship among the researchers on one or more papers. Note that the number of facets may be less than the number of papers -for example, if there is a paper P 1 by (A, B, C), and P 2 by (A, B), we Some of our studies pertain to the network of MNFs. An MNF network or MNF complex of a simplicial complex has a vertex set equal to the union of vertices comprising the MNF and a facet corresponding to each MNF. In other words, it is the sub-complex induced by the MNFs of the complex.
III. MISSED COLLABORATIONS: STRUCTURE AND
EVOLUTION We present a number of findings relating to the structure of MNFs in the DBLP and IMDB networks, and their evolution and persistence over time. Below, we use 2-MNF synonymously with a 3-way missed collaboration, and 3-MNF synonymously with a 4-way missed collaboration. The number of k-MNFs for k > 3 are too few to draw conclusions from and therefore we do not consider them in our study. We thus have four combinations of {DBLP, IMDB} x {2-MNF, 3-MNF} studies in each section below. Note that, as stated in section II-C, the simplicial complex referred to for year i for all of the below is the evolving complex which contains all collaborations up to that year i.
A. Structure as of 2013
We consider the MNF complex in the DBLP and IMDB, and study the question: What is the distribution of the vertex and facet degrees, and number of components? In particular, given the preponderance of power law in network science, are these also power law? Figure 2 shows the distribution of vertex degree, facet degree and number of components for DBLP 2-MNF on a loglog scale. Visually, this appears to be power law distributed. However, visual analysis can be deceptive, hence, we analyze the distribution using Clauset's methodology [15] . The results are shown in Table I . A p-value < 0.05 rejects the powerlaw hypothesis, and a higher xmin value dilutes it. From the table, it appears that power law is indicated as a good fit for component count distributions for all four combinations, and for vertex and facet degrees of DBLP-3-MNF. The facet degree of IMDB-2-MNF and vertex degree of IMDB-3-MNF do not follow a power law, while the remaining combinations show a somewhat weak fit to power law.
Thus, MNF network is structurally different in terms of degree distributions, with DBLP MNF networks having more of the well-known scale-free properties. However, surprisingly, from a global perspective of connectivity, they are similar, displaying strong power law properties.
Are higher degree vertices more likely to be part of more MNFs? Table II summarizes the Pearson correlation between the vertex/facet degree of a node and the number of MNFs it belongs to, for each of the four combinations. We observe that vertex and facet degrees for both IMDB and DBLP are correlated fairly strongly with the number of 2-MNFs, but only very weakly with the number of 3-MNFs. Thus, it appears that actors with high degree centrality are more at risk for missing 3-way collaborations. This is intuitive because the density around a node generates more collaborations overall and hence more missed, but the fact that this is not true for 4-way collaborations is somewhat surprising.
B. Evolutionary Characteristics
In this section, we study the following questions; (a) How does the number of MNFs evolve over time? and (b) How does the connectivity of the induced MNF network vary over time?
Figures 3 and 4 plot the number of MNFs as a function of years, in a semi-log plot. DBLP clearly shows exponential growth for both 2-and 3-MNFs. The 3-MNFs, not surprisingly, start appearing at a much later date due to the required On the other hand IMDB doesn't show a clear pattern, and in fact the number of 2-and 3-MNFs dips multiple times. This might have to do with the connectivity behavior of the original network (vice the MNF complex) as the MNFs can only form when there is good connectivity in a region. Figure 5 plots the number of connected components as a function of the years for 2-MNF network. We observe an interesting divergence between the behavior in DBLP and IMDB -whereas the growth in the number of components tapers off for DBLP during the latter years, it actually increases for IMDB toward the latter years. The behavior for 3-MNFs is a more muted version of the same behavior, and not shown here for space constraints. We believe this might also be a direct consequence of the increasing and decreasing connectivity of original network for DBLP and IMDB respectively.
To test the hypothesis that the divergent behavior between DBLP and IMDB in the evolution of the number of MNFs and connected components could be attributable to the connectivity of the whole underlying complex, we examine the average vertex degree of the underlying networks, which generally correlates with connectivity ( Figure 6 ). Indeed, we observe that the vertex degree of DBLP ramped up in the last few decades whereas that of IMDB sharply decreased. The "densification" phenomena over time has also been reported in [16] for publication and patent networks, supporting our hypothesis.
Why would the IMDB network get less dense with time? One reason for this could be that, unlike DBLP, IMDB consists of not only movies, but also documentaries and other productions, and from a number of different countries. Since each genre of production and each country tends to have its own largely disjoint community, and the diversity of genre and nationality has increased in the last few decades, the network is likely to have more components in the latter decades. Using only movies, and only from Hollywood could show smooth trends paralleling DBLP, but is left for future work. We note that we have also generated the vertex-and edgesize normalized versions of the plots (not included here due to space constraints), but they do not show a remarkable difference in character.
C. Persistence Properties
In this section, we study the question: How long does a missed collaboration persist? What is the distribution of this persistence time?
Based on the ubiquity of power law in network science, one might conjecture that the distribution might follow power law. Figure 7 and 8 show, respectively, the distributions of the persistence time of 2-MNFs and 3-MNFs plotted on a semi-log scale. The figures show that the persistence time of MNFs is not power law, but appears to be exponentially distributed. The fitting parameters for exponential distributions is shown in Table. III. This means that the majority of MNFs that arise get closed quite soon, and only a few tend to last very long. For example, 72% of 2-MNFs and 84% of 3-MNFs have a persistence time ≤ 5 years. IMDB 2-MNFs' average persistence time is much longer compared to DBLP, in particular 9.12 years vs. 4.37 years. This is likely because 
x log popen , which is indeed the form of an exponential distribution as fitted in Table. III and shown as dashed black lines in Figure 7 and 8, where λ = − log p open . In addition, p open is smaller for 3-MNF networks than that for 2-MNF networks (refer Table. III), which suggests that 3-MNFs are more easily closed compared to 2-MNFs. One possible explanation could be that the history of existing collaborations is tighter in 3-MNFs (all pairs plus all triplets) in comparison to 2-MNFs (all pairs).
We note that a k-MNF by definition pre-selects nodes that have collaborated pairwise, so there isn't a fundamental difference of opinions or animosity between any two actors that might be a barrier. Thus, all things being equal, the nodes in the k-MNF are more likely to naturally collaborate. We would thus expect p open for MNFs to be smaller than for other subsets of the same cardinality. Indeed, for DBLP, p open for a random subset of three nodes is very nearly 1.0. Even if two nodes are chosen such that they are at most two (one) hops from a given node, the p open is 0.98 (0.79), attesting to the relative value of MNFs in predicting future collaborations.
Unlike the two previous studies in sections III-A and III-B, there is no significant difference in the behavior of MNF persistence between DBLP and IMDB. Thus it appears that 4 , and 5), there is a marked difference. This is probably related to the difference in the whole (vice MNF-induced) network.
D. Discussion
Table IV summarizes the observations from the previous subsections in the order they were presented. The observations that hold across all four combinations of data sets and MNF types are in bold. Those that differ markedly across DBLP and IMDB are shown in italics. Within each of DBLP and IMDB, other than the correlation of vertex and facet degrees to number of MNFs, observations largely hold across 2-MNFs and 3-MNFs.
A key finding that holds across both data sets and MNF types is that most MNFs close within a few years, and far sooner than other equal-sized actor sets. The implications are two fold: (1) the fact that most of them close naturally means that MNFs do identify valid missed collaborations for the most part; (2) an MNF created in a particular year predicts collaborations that are likely to occur in the next few years, namely, the collaborations represented by the MNFs. The differences between DBLP and IMDB -e.g. in the evolution of number of MNFs and the components in the induced MNF network -may be explained to some extent by the nature of the communities: Unlike DBLP which is largely homogeneous, IMDB, having not only movies but also documentaries and TV programs, and from diverse countries, is more disconnected.
Some caveats are in order in interpreting our results. First, there is a tacit assumption that the presence of all possible (k-1)-way collaborations implies that a k-way collaboration makes sense. This may not be true in some specific circumstances. In such cases, the MNFs will be "false positives", i.e., collaborations that upon further examination are not meaningful. Addressing this is beyond the scope of this paper. Second, the identified missed collaborations may have Sixth IEEE International Workshop on Network Science for Communication Networks (NetSciCom 2014) happened outside of DBLP or IMDB. Third, the names of the same person may differ, or different people may have the same name in the database. Finally, our trimming of the IMDB database by considering only the top credited actors/actresses may not be a representative sample of the whole.
IV. RELATED WORK
The last decade has seen a spurt in the study of collaboration networks [4] , [17] , [1] , [18] , [19] . In [17] , [4] , structural properties of publicly available scientific publication networks are analyzed, with the latter also investigating evolutionary aspects. Movie actor and the DBLP networks are analyzed in [19] . Self-organization and classification into different kinds of small-world networks appear in [1] , [19] . The quest to discern power laws in the distribution of social networks has been the subject of much work in the literature [15] , [20] . Visual and other simplistic methods, however, may be misleading [15] . A rigorous method for verifying if a distribution follows power law is given in [15] , which we apply in this paper.
Well established in mathematics, in particular algebraic topology [12] , simplicial complexes have been used as a part of Q-analysis in the 1970s to analyze general structure [5] , and have been applied into specific social network problems [21] .
The application of simplicial concepts to collaboration networks appears to varying extents in [6] , [7] . In [7] , 2-MNFs were briefly studied, but for much smaller collaboration networks. There has been some work on recommendation systems for collaboration (e.g. [22] , [23] , [24] ), but these works are focused on recommending one other individual, need profile information, do not consider the evolutionary information, and do not study the statistical properties.
To our knowledge, ours is the first work that investigates the structure and evolution of multi-way missed collaborations in large, autonomous networks using a simplicial model.
V. CONCLUDING REMARKS
We have studied the structure and evolution of missed collaborations in DBLP and IMDB by modeling it as a Minimal Non Face (MNF) in the corresponding simplicial complex. We have discovered that some properties appear to have more general validity -e.g. distribution of MNF persistence time; and some properties are more specific to the data set as a result of unique characteristics of that data set -e.g. connectivity evolution. Our statistical results can be used to create or validate random generative models tailored to the nature of the particular network type, and our techniques for identifying missed collaborations, along with the property that they are less likely to remain open compared to other subsets, can be used as a recommender system for multi-way collaborations, or predict new collaborations.
There are a number of interesting avenues for future work: a more in-depth analysis of the results, and better support for our explanations; further substantiation by analyzing other data sets (e.g. ArXiv, PubMed, SourceForge); an efficient generalized algorithm for computing k-MNFs and persistence across time; relation with other metrics (e.g. clustering coefficient); and relationships with other features of simplicial complex, for e.g Betti numbers.
